We prove that a countable group G can be embedded into a two-generator simple group S which is an amalgamated free product of groups G * F¡ and F, where F and F¡ are free groups on two generators. S is also the product of two commuting free subgroups. If G has solvable word problem, then we can construct a recursive presentation for S.
1. Introduction. It is well known that every countable group is a subgroup of a simple two-generator group (see [3] and [7] ). The main result of our paper is Theorem A. (a) A countable group G can be embedded into a simple two-generator group S which is an amalgamated free product of G * Fx and F, where F and Fx are both free groups on two generators. S is also the product of two commuting free subgroups.
(b) If G has solvable word problem, we can construct the group S of (a) with a recursive presentation.
It was first shown by R. J. Thompson [8] by a construction completely different from ours that a countable group with solvable word problem is a subgroup of a recursively presented finitely generated simple group. Our construction of the group S is similar to the construction of the simple free products of R. Camm [1] , or see [6] for a slightly simplified version.
2. The construction of the group S. Let 77 be a countable infinite group with an element x of order at least 5, and assume that the elements of 77 are numbered by the integers, 77 = {g" i G Z}, such that g0 = 1, gx = x, g2 = x2, g3 = x3, g4 = x4. Let A = (a) and F = (b,c) be free groups on a and b, c, respectively. Then the subgroup U of A * H generated by the elements of the form ", = aW *'eZ-{0}, where p is a permutation of Z -{0}, is a free group freely generated by the elements u" / g Z -{0}, with transversal AinA*H. Similarly, the elements
of F, where a is a second permutation of Z -{0}, freely generate a free subgroup V of F with transversal B = (b).
We can therefore form the amalgamated free product S = (A*H*F;Ui = uT(O,iGiZ-{0}), r is a third permutation of Z -{0}. By the normal form theorem for amalgamated free products (see Theorem 4.4 in [5] ), 5 = U(a, b), where (a, b) is free on a and b. S is therefore the product of two commuting free subgroups.
We now choose p, a, r in such a way that 5 is a simple two-generator group.
3. The permutations p, a, t. For 1 < i < 4, p, a, t are defined by the equations Now proceed to word z/+1. Note that integersp,, ir¡, <?,, r¡, Pj, Oj, sk, vk, pk satisfying the conditions of (I), (II), and (III), respectively, always exist, since at any stage of the construction we can choose from all but finitely many integers.
The case z, = a'1 fits into the above construction with n = 0 if we omit the v and p part in (III)(b) and (c). By proceeding in the same manner we finally obtain
The choice of the s, in (III)(a) guarantees that s0 ¥= s2ll + x for any z¡ + 1.
4. The group 5 is generated by two elements. Since for every element g, in 77, there is a relation of the form arg¡ = bsc', S is obviously generated by a, b, and c. If we rewrite (l)-(4) by using the fact that g, = x,... ,g4 = x4, we get (1) ax = be, (2) It is shown in [1, p. 76] that (1) and (2) can be used to express a, b, and c by b~la and 6c. 5 . The group 5 is simple. The strategy of the proof is as follows. We first show that (5; a = b) is trivial. Then we show that for any nontrivial element x in U, the additional relation x = 1 implies a = b. Finally, we show that for any nontrivial element 5 of S, the additional relation s = 1 implies a nontrivial relation x = 1 with x in U.
(i) (S; a = b) is trivial. Since 5 is generated by a, b, and c by §4, it is enough to show that a = b implies a = b = c = 1. This follows easily from relations (l)-(4).
(ii) For any nontrivial x¡ = a'^gja'1 ■ ■ ■ gjß'»^ in U, x, = 1 implies a = b. Since x¡ g U, x¡ = u^u^1 ■ ■ ■ uk±l. If we replace the relator jc, by a cyclically reduced conjugate in the ut, and then by its inverse if necessary, we can assume that x¡ # a'1 and -/" + 1 # /, # -iB+i -1. As in §2 we set w¡ = b^cJib'2 ■ ■ ■ cJ"b'"*K We show next that the relator x¡ implies a relator Xj with the property Xj = Wj. We use the notation of the previous sections and claim that x¡ = aPox¡a p" has the desired properties. By (al) in §3,
Now use the definitions of p, a, t in (I) to rewrite Xj in A* H and in F; then x, = aPlg,a'2---g,a~P2" in A* H = bp^chb'2 ■■■ cJ"b~P2-inF;
therefore x] = w¡. Note also that, since Pi =p0 + ix and p2n = p0 -in + x, the condition /', =£ -i"+x -1 for x,-impliesp, # p2" -1 for*-. Therefore, 6a"1, the product of the relators brow~lb~ro and ar°Xja~r°, is a relator of (S;x, = 1>.
(iii) If s is a nontrivial element of S, then the additional relation 5=1 implies a nontrivial relation x = 1 for some x in £/.
Since S = í/(a, 6), the element s is a product xz¡ with x in (7 and z, = ahbh ■ ■ ■ a'»bJ"a'"*'¡ with possibly ix = 0 or in + x = 0. The assertion is trivial if z,■ = 1: we therefore assume zi # 1. By property (c) in §3 ztXusu-¡Zi = u,a.+I«7¿+1 withs0 # í2" + 1 and r0 # r2" + 1.
The relation 5 = 1 implies z,"1 = x; therefore (*) xu,u7lx~l = u, u~l
The elements ..., uQ,.. .,us¡¡,.. .,uHn+|,.. .,u,o,.. .,uun^,... are free generators of the subgroup U in G. Therefore the set ...,un,...,u,u71,...,u, ujl ,.. .,u. ,...,«. ,...,
is also a free generating set of U. Since distinct free generators in a free group are not conjugate, ( * ) is a nontrivial relation in U.
6. Proof of Theorem A. If G is a countable group, then 77 = G * (x), where (x) is infinite cyclic, has the properties required for the construction of the group 5. Now write Fx for the free group (x, a); then the proof of (a) is complete.
If G has solvable word problem, and G = (T; R) is a presentation of G with respect to which the word problem is solvable, then the word problem of 77 = (T, x; R) is solvable with respect to the given presentation, and we can therefore effectively enumerate the elements of 77.
The permutations p, a, r are (almost) defined by an algorithm; thus, once we are able to effectively enumerate the elements of 77, we can effectively produce the relations a'gp(i) = ¿>T<oc<>(riO) 0f § jne relations of the presentation S = {T,x,a, b, c; R, a'gp(i) = &T«V<T('», / g Z -{0}) are therefore recursively enumerable. This proves Theorem A(b). Theorem A(b), together with the well-known result of Kusnetsov [4, p. 191] , gives a new proof of the following result of R. J. Thompson [8] , which is in turn a sharpened version of a result of W. W. Boone and G. Higman [2] . Corollary B. A finitely generated group G has solvable word problem if and only if it is a subgroup of a recursively presented finitely generated simple group.
